
398 AIAA JOURNAL, VOL. 31, NO. 2: TECHNICAL NOTES

-1.0

Fig. 2 Total downwash induced by the trailing vortex system over a
range of values of X for the elliptic loading FI = sin 6. The downwash
Wj has been normalized by U<»A\. This value is equal to the constant
downwash for the elliptic loading in Prandtl's classical theory for high
aspect ratio wings.
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Fig. 3 Distribution of the induced drag. The drag components <?/
have been normalized by 4pb2U^A^. This value is the least drag
predicted by Prandtl's theory. The distribution of the least drag is also
plotted for comparison.
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Fig. 4 Total induced drag as a function of the downstream distance
X, X0=0.33.

tance. The progressive changes in the up wash toward the tips
are particularly interesting for increasing values of X. PrandtPs
original results may be recovered as an asymptotic limit of the
present model when the rolling-up process would have com-
pleted after a downstream distance of two wing spans. It is
interesting to compare with the analytic results of Kaden8 that
the downstream distance xr of complete roll up is given by
xr/b ~Q.56(A/CL). This distance equals two and four spans
for CL being 1.0 and 0.5, respectively, for a_wing of aspect
ratio 7. The integrand of the induced drag dt illustrates the
distribution of the drag across the wing span as the parameter
X varies (Fig. 3). The variation in the drag distribution at lower
values of X is particularly noticeable, since the integrated val-
ues represent the measure of the induced drag. The vanishing
drag at the wingtips is a direct result of the assumption of zero
circulation at these points. The relation of the drag with the
total lift is implicitly contained in the first coefficient A\.
Figure 4 shows one of the most important conclusions derived
from the present study: For the loading case examined, there
is an optimum downstream distance X0 for completion of the
rolling up, which results in a minimum induced drag meaning-
fully lower than the classical limit. Note that the unity indi-
cates the classical value of the least drag. This potential energy
picture immediately reminds us of the analogous potential of

the interaction between atoms existing among the microscopic
structure of matter. At short distance of X, the downwash is
dominant by the repulsive effect of the concentrated line vor-
tices, whereas the attractive influence of the planar vortex
sheet manifests itself at large distance of X. The minimum drag
attains when the effect of the concentrated line vortices is in an
equilibrium state with the influence of the vortex sheet in the
similar way as what happens in the achievement of the neutral
position between repulsion and attraction among the atoms of
matter.

Conclusions
An improved lifting-line theory for inviscid flow, taking

into account some mean effect of trailing vortex sheet roll up
with the downstream distance, has been developed. Calcula-
tions based on the wing wake model show that, for a given load
distribution commonly encountered in practice, the roll up of
the sheet within a downstream distance comparable to the wing
span results in a reduced induced drag relative to the value
evaluated by the classical lifting-line theory of Prandtl. This
benefit comes from the variation in the downwash velocity
field brought about by the rolled-up line vortices.
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Introduction

O NE of the major areas of current interest where compu-
tational fluid dynamics (CFD) is used extensively is the

development of advanced air-breathing propulsion systems for
hypersonic vehicles. A hydrogen-fueled supersonic combus-
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tion ramjet (scramjet) is such a propulsion system. The
scramjet flowfield is highly complex. Interactions of several
physical phenomena occur inside the combustor. The interac-
tion between turbulent mixing process and combustion is of
particular interest here. The extent and nature of these interac-
tions partially dictate the size of the combustor to achieve the
desired performance levels. An extensive study of this problem
in a test facility is not possible at present due to the lack of such
facilities. Fortunately, current CFD tools are able to address
this crucial need to some extent. Their capabilities vary accord-
ing to the extent to which detailed modeling of the various
physical processes involved is carried out. The code SPARK1

developed at NASA Langley Research Center is an example of
such a prediction tool. The prediction method must be capable
of addressing high-speed turbulent reacting compressible fluid
flows involving high energy release. One major drawback of
most of the prediction methods is that the turbulence-combus-
tion interactions are not addressed adequately. These interac-
tions are extremely difficult to model, which explains the
dearth of reliable models. The present paper represents the
initial effort at establishing a solution procedure for the com-
putation of turbulent compressible reacting flows.

The Navier-Stokes equations (density weighted) along with
equations for energy and species continuity that govern flows
with multiple species undergoing chemical reaction have been
used.2 In spite of the advances made in the area of turbulence
modeling in recent years, no universal model, applicable to
complex flow problems such as described earlier, has emerged.
The model should not only be accurate but also economical to
use in conjunction with the governing equations of the fluid
flow. Based on these considerations, a two-equation turbu-
lence model has been chosen for the analysis.2'3 The model
solves differential equations for the turbulent kinetic energy
and its dissipation rate. A compressibility correction model
has been added to the turbulent kinetic energy equation.4 A
finite rate chemistry model5 for a hydrogen-air reaction system
has been used.

A major portion of the chemical reactions in the combustor
occur in mixing layers that exist between fuel and air streams.
Mixing layers ranging from subsonic to supersonic speeds have
been studied extensively over the years.3'6'7 However, reliable
experimental data for reacting mixing layers is limited. In the
present work, mixing dominated flowfields (reacting and non-
reacting) of axisymmetric and planar configurations have been
computed. Available experimental data8 are used to validate
the model predictions.

Table 1 HI-Air reaction system (7 steps)
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Fig. 1 Effect of temperature fluctuations on reaction
rate.

o Ref.7
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Number Reaction

H + O2-*OH + O
OH + H2-H2O +
O + H2-*OH + H

The effect of compressibility is included as an additional
turbulence energy dissipation rate4 in the turbulent kinetic en-
ergy equation. This term is given by

0)

Here, Mt the local turbulent Mach number defined as M2 =
2k/a2, where a is the local speed of sound and k the turbulent
kinetic energy. The model constant a = 1.0.

^differential equation for the variance of static enthalpy
(h"h") has been included in the solutions. The modeled equa-
tion takes a form similar to that of the turbulent kinetic
energy.2 This equation is included to model the effect of tem-
perature fluctuations on the species production rate. The
Arrhenius reaction rate equation is written in terms of mean
and fluctuating components of the temperature and expanded
in a series. The terms are truncated at the second-order level,
and the calculated variance of enthalpy is used to evaluate the
resultant reaction rate term. The effect of turbulent fluctua-
tions in species concentrations on the production rate is not
included in the present work (this effort is underway).

The Arrhenius rate equation,

(2)

is written as

(3)

In Eqs. (2) and (3), Tis the temperature, /r/the forward reac-
tion rate, and A, b, and Ta are parameters associated with the
rate term. Assuming that T"/f<\, the terms containing
(T+T") can be expanded in a series, and the resultant modi-
fied reaction rate term is written as,

~k = _L]fj
m =

—— (4)

Fig. 2 Compressible mixing-layer growth rate.

where Ta is the activation temperature. Terms of order higher
than 2 in T"/f are neglected from the series expansion
for want of appropriate models for these higher-order terms.
Figure 1 shows the magnitude of m for various values of the
temperature fluctuation for the H2-Air reaction model
(Table 1) at a local mean temperature of 2000 K. The maxi-
mum value of m for a temperature fluctuation of 30% mean
temperature is approximately 0.6 for the reaction steps 2-7
(Table 1) and is approximately equal to 5.0 for the first reac-
tion step (not shown).

Results and Discussion
A two-dimensional, high-speed mixing layer is considered in

the initial part of this study. A schematic of this flow problem
is given in Fig. 2. The two streams (air) are supersonic, whereas
the convective Mach number Mc (Ref. 7) of the mixing layer
ranges from subsonic to supersonic values. Figure 2 shows the
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comparison between the predictions and representative experi-
mental data.6'7 Here, Q is defined as

8 ~
U2

dx Ui - U2

and Q0 is its value for incompressible flow. KEPS1 refers to
the predictions with compressibility correction included, and
KEPS2 refers to the predictions without the correction. RS
refers to the Reynolds stress closure predictions.9 The scatter
among the experimental data is indicative of the nature of
available data. The effect of compressibility on the mixing-
layer growth rate is to reduce the growth rate with increasing
convective Mach number. The two-equation model without
the compressibility correction does not predict the reduced
growth rate with increasing compressibility. However, the
compressible two-equation model does predict this trend very
well. The close comparison between the Reynolds stress clo-
sure and the k-e model is important because for complicated
flpwfields, such as that in the scramjet combustor, the higher-
order Reynolds stress closure may be very expensive to use.
The predictions agree well with experiment within the scatter in
the available data. It must be pointed out that there are other
compressibility correction models, similar to the one used
here, available today. However, a detailed comparison be-
tween such models is beyond the scope of this report.

Mixing between fuel and air and the ensuing chemical reac-
tion is the main focus of study for a configuration such as the
scramjet combustor. The presence of turbulence and its effect
on the flowfield, especially the mixing aspect of it, is an impor-
tant part of such studies. A representative mixing dominated
reacting flow (hydrogen and air) is considered here. A seven-
step, seven-species H2-Air reaction model (Table 1) has been
used for the finite rate chemistry system considered here.

The test case studied is the reacting coaxial jet problem
(Figs. 3) for which the experimental data was obtained by

x/D=16 x/D=28

J
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1.50 Predictions

b) Centerline H2 distribution
Fig. 3 Reacting flow: coaxial jets.

Evans et al.8 In the experiment, hydrogen at a temperature of
251 K was injected (Mach number = 2.0 and velocity = 2418
m/s) along the axis of a supersonic jet (Mach number 1.9,
velocity = 1510 m/s) of vitiated air (temperature = 1495 K).
The species mass fractions in the airstream are nitrogen =
0.478, oxygen = 0.241, and water = 0.281. The fuel injector has
an inner diameter of 0.6525 cm and outer diameter of 0.9525
cm. The outer jet (air) diameter is 6.53 cm. The predicted
centerline distribution of hydrogen and the profiles of the
major species mass fractions (H2, O2, H2O, N2) at three axial
locations are compared with experimental data in Figs. 3. In
these figures, D is the fuel injector outer diameter. The predic-
tions agree well with experiment in the region where the mixing
effects dominate. The discrepancy between the predictions and
experiment immediately downstream of the injector exit may
be due to the fact that the conditions set at the inlet location
(boundary condition for computations) in the calculations
may not match the exact experimental conditions. These con-
ditions are unknown and, hence, could not be used for the
calculations. The predicted profiles of water vapor, which is an
indication of the extent of reaction, agree reasonably well with
the experiment. The location of the peak in the profile is
farther into the airstream for the predictions than the experi-
ment indicates. This may be because the interaction between
turbulence and chemistry is not fully accounted for in the
calculations. As mentioned earlier, the calculations account
for only the effect of temperature fluctuations on the reaction
rate. In addition, correlations of order higher than 2 were
dropped from the model. Also, the experimental data itself
may not be very accurate. Given that, the compressible turbu-
lence model used here performs very well in predicting the
turbulent reacting flow.

Conclusions
A two-equation turbulence model (k-e) has been modified to

be applicable for compressible flows by adapting a compress-
ibility correction model. Computation of compressible mixing
layers indicate that the decrease in the growth rate of the
mixing layer with increasing convective Mach number is well
predicted by the model. Comparisons of the predictions agree
very well with available experimental data and the predictions
of a compressible Reynolds stress closure. Preliminary studies
of reacting mixing problems involving dissimilar gases indicate
that the model is well suited for application to such flows. The
computations use a model for the effect of temperature fluctu-
ations on the reaction rate in the finite rate chemistry model.
Further improvement to the model, especially the effect of
turbulent fluctuations in species concentrations on the produc-
tion rate, is necessary.
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along with the continuity equation (V • u = 0) and the no-slip
boundary condition on the body. Using now the continuity
equation along with the definition of the vorticity, the velocity
u may be determined by the solution of

V2w = - V Xuez

or in terms of the stream function

(2)

with u = V x ^rez. The stream function may be decomposed as

Improved Boundary Integral Method
for Inviscid Boundary

Condition Applications
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I. Introduction

T HIS Note deals with the computation of the potential
part of an unsteady, incompressible, viscous flow around

an arbitrary configuration and the enforcement of the no-
through flow boundary condition. To solve the full problem,
it should be complemented by a solver to account for the
convective and viscous part of the flow.

To generate the velocity potential, one often uses boundary
integrals. The boundary may be considered as a surface of
discontinuity1 (vortex sheet) and is usually discretized with
panels. The inviscid boundary condition (no through flow) is
then applied in a Neumann or Dirichlet form on the stream-
function to determine the unknown vorticity distribution.
However, the solution to; this problem is not unique, and the
additional constraint, or* conservation of total circulation
needs to be imposed. The resulting sets of equations are not
numerically well-conditioned, and the accuracy of the solution
deteriorates as the thickness of the body is decreased and/or
the number of the panels increases. Here a rigorous approach
is presented (similar to the one used in Ref. 2) involving the
application of the internal Neumann boundary condition, in
which the resulting system of equations is well-conditioned,
thus permitting an efficient and accurate solution with direct
or iterative matrix inversion techniques. The method does not
increase the computational cost, and it is found to improve the
conditioning of the system by several orders of magnitude, the
improvement being more pronounced as the number of panels
increases.

II. Governing Equations and Boundary Conditions
Consider a two-dimensional body, (s, /i), in an incompress-

ible viscous flowfield induced by a uniform flow and vorticity
in the wake. The flow is governed by the Navier-Stokes equa-
tions, which may be expressed in terms of the vorticity
(uez = V x u) as:

dco
——
dt dx (D
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where ^ext is a particular solution of Eq. (2) and may be
computed via the Biot-Savart law and ^0 is the solution of the
respective homogeneous equation and is chosen so that the
velocity satisfies the kinematic boundary condition of no-
through flow on the body (or ¥ = const). Once the velocity
field has been calculated, then Eq. (1) needs to be solved to
obtain the full solution of the problem. A number of numeri-
cal methods (finite differences, vortex methods, spectral meth-
ods) may be employed, but this analysis is beyond the scope of
this Note.

Here we present an efficient scheme to solve for the poten-
tial part of the flow, namely the solution of

V2*0 = 0

with ^0 + ^ext = const on the body.
We consider ^0 to arise because of a vortex sheet along the

boundary of the body so that the flowfield at any point jc in the
domain is described by the stream function

(3)

where the stream function ^ext(*) includes the contribution
from the freestream and the vorticity in the wake and dlYds
denotes the circulation distribution of the vortex sheet. Apply-
ing the inviscid boundary condition and the additional con-
straint that the total circulation ejected from the surface of
the nonrotating body is zero, respectively, results in Eqs. (4)
and (5) for the Dirichlet and internal Neumann boundary con-
ditions:

(4a)c = - (Plogljc(s) - x(s')\ r 6s ' + *

dr—-as' +rwake =as

and

dT
~as T-on dn

(4b)

- [*(*)]

dr— ds' +rwake =as'

(5a)

(5b)

These sets of equations may be solved to any accuracy by a
panel method.3 Discretizing the body with M vortex panels
results in a system of equations for the M unknown strengths.
The two linear sets of equations may be expressed in matrix
form:

Kf = g (Dirichlet boundary condition)

Gf = h (Neumann boundary condition)


